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Heat kernel of integrable billiards in a magnetic field
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Department of Physics, Technion, 32000 Haifa, Israel
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Abstract. We present analytical methods to calculate the magnetic response of non-interacting
electrons constrained to a domain with boundaries and submitted to a uniform magnetic field.
Two different methods of calculation are considered—one involving the large energy asymptotic
expansion of the resolvent (Stewartson—Waechter) applies to separable systems, the other based
on the small time asymptotic behaviour of the heat kernel (Balian—Bloch). Both methods are in
agreement with each other but differ from results previously obtained by Robnik. Finally, the
Balian—Bloch multiple scattering expansion is studied and the extension of our results to other
geometries is discussed.

1. Introduction

The aim of this work is to present analytical methods for the calculation of the magnetic
response of non-interacting electrons constrained to a domain with boundaries and submitted
to a uniform magnetic field.

Historically, this problem traces back to the Bohr—van Leeuwen theorem stating the
absence of classical orbital magnetism due to the exact cancellation between the bulk and
edge magnetizations [1]. Later on, Landau using a quantum approach did show the existence
of a finite magnetization [2]. An extension to finite systems was provided by Teller [3] who
showed that the Landau magnetization results from an almost cancellation between the bulk
and edge contributions. In this work, we shall concentrate on the problem of non-interacting
electrons using the semi-infinite plane as a paradigm (our methods can be readily extended
to other integrable systems, for instance a disc).

Whereas it is important to know the spectrum with a sufficient precision in order to
describe low-temperature and high magnetic field phenomena (such as the integer quantum
Hall effect), the high-temperature or weak magnetic field response, such as for instance the
orbital diamagnetism, may be obtained using smoothed spectral quantities. We shall describe
them here by defining and calculating the heat kernel or equivalently its Laplace transform.
The small time asymptotic expansion of the heat kernel is simply related to the smooth part
of the density of states (the Weyl expansion) [4] and to smoothed thermodynamical quantities
like the magnetization [5]. This asymptotic expansion of the heat kernel for the semi-infinite
plane gives the perimeter correction to the Landau diamagnetism as noted by Robnik [6].
The heat kernel in a uniform magnetic field and a smooth potential was calculated by Prado
etal [7]. We shall expand the heat kernel in two different ways obtaining the same results
which differ, however, from those obtained by Robnik. We subsequently compare our results
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with those obtained by using the Balian—Bloch [8] expansion. We show (in agreement with
more recent works [9]) that the Balian—Bloch method is not very convenient in the presence
of a magnetic field due to the fact that several terms in the multiple scattering expansion have
to be included in order to obtain just one term in the asymptotic series of the heat kernel.
Another asymptotic method we use, following Stewartson and Waechter [10], is powerful
enough to give, in principle, all the terms in the asymptotic series for the semi-infinite
plane in a magnetic field. However, this latter scheme is applicable only for separable
systems while the Balian—Bloch expansion is general. Inspite of the restricted generality
of the Stewartson and Waechter's method, we argue that the results have wider validity, in
particular that all the coefficients in the asymptotic series are universal in a sense that we
shall clarify.

2. Generalities on the resolvent and the heat kernel

The resolventG(E) of a bounded system is by definition the Laplace transform of the heat
kernel P(t) = Tre"W/MH: = S~ e~ WME: i e formally

1 1
GE)=Tr A:Z
E+H — E+ E,

@)

where the sum runs over all eigenstatef the HamiltonianH of the system. This
function was extensively studied for the problem of the Laplacian on manifolds with
boundaries [11,12]. As is well known, the smallbehaviour of the heat kernel of a
particle of massn moving in a two-dimensional billiard is given by Weyl's formula,
P(t) = (mS/2wht) + O(t‘%), where S is the area of the system; therefore, its Laplace
transform is not well defined. A possible way to regularize the Laplace transform is to
subtract this leading smallbehaviour toP(¢) and then take the Laplace transform:

i mS o
E)= = P(t) — —— | e W/WE Re(E ) 2
8(E) h./o dt<(t) Zﬂht>e e(E) >0 @
An expression fog(E) valid also for R&E) < 0 was given by Berry and Howls [4]:
=+E)= | —— ——In{—1¢|. 3
so=vB-in [ ¥ g e ] ©

It is easy to show thag(s) is related to the density and to the integrated density of states
by

1
AE) = BB — Ep) = 2o — = lim Img(VE —1e) 4

E mSE de .
E) = == _ — (s =
N(E) /o d(e) de o Py, 20 g(s =i /e) (5)

where the contou€ (E) in the complex plane encloses the segmeni[Qof the real axis
(such that it contains a finite number of polesgdf./¢)). Both (4) and the fact thaP(r)
is the Laplace transform af(E), imply that the two definitions (2) and (3) coincide for
Re(E) > 0.

Asymptotic expansions oP (¢) for small  and of g(s) andd(E) for larges and E,
respectively, are related. For example, assuming that we know the Weyl expansion of the
resolvent

8(S)NZ§—: s — 00, |Arg(s)| < = —A,A>0 6)
r=1

NS
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we obtain
msS 1 & (-1
d(E) ~ + c E — oo 7
(E) = n«/f,Z(‘: FrCril )
ms ¢ [\
Pt N — = t 0 8
O~ ot +; T(/2) (h) - ®)

The equivalence between (6)—(8) is a consequence of equation (4), the generalized Watson'’s
lemma, and of its reciprocal [13].

As a simple example, the heat kernel and the resolvent associated to the Landau spectrum
of a particle moving on a two-dimensional plane in a perpendicular magneticHielte
easily found to be

Poolt) = 2 sinh(wt /2) ©)
and
gls) = 22 (In (—v - %) - w(—v)) (10)

where the degeneracy of the levelsNg = SB/®g (®o = hc/e is the flux quantum),
w = eB/mc is the cyclotron frequencyy = —(s%/hw) — % andy (z) =T'(z)/T'(z) is the
digamma function. Their asymptotic expansions are

2 4
Po(t) ~ % (1_ (wt) + 7(wt) 4 )

24 ' 5760 '
No 1 (ho\? 7 (ho\*
gw@”%(‘ﬁ(s—z) +@<s—z) +)
doo(E) ~ il_v—i (no more termpg (12)

The last result is obvious because by smoothing out the regular step-like integrated density
of states over the energies we obtain a linear function with no higher power-law corrections.
Since for any two-dimensional system of surface afda a uniform magnetic fieldpP (¢)
has the same leading (sma)l behaviour asP..(t), we may regularize the resolvent by
subtractingP.(t) from P(¢) and then take the Laplace transform. Such a regularization
givesg(s) — goo(s), and can be calculated in the following way.

We define the Wick-rotated retarded Green functiohsr; », ') and GX (¢; r, ') by
Gt r,v)y=GL@;r,7)=0ift <0, and

(ﬁ + ﬁ%) Gt r, ) =h8()8(r — ') (12)
with the additional Dirichlet condition foG*(¢; v, ') on the boundary s of the system:

Gta:r,v)=0 forr € 9S. (13)

The Laplace transform& (E; r, ') andG . (E; r, '), are defined using the same boundary
condition (13) and the equation

(H+ E)G(E;r,7) =8(r — ). (14)

Then, using (2) and the definition of the heat kernel, we have

4(5) — gools) = / Pr (G(s% 7, 7) — Goo(s% 7. 7). (15)
S
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3. The resolvent for the semi-infinite plane

We aim now to apply (15) in order to extend the method developed by Stewartson and
Waechter [10] to the magnetic case. We consider the following set-up. A spinless particle
of charge—e (e > 0) and massnz moves in the semi-infinite plane. A uniform magnetic
field B is applied perpendicular to its surface. Cartesian coordinates are defined such
that the x-axis is perpendicular to the boundary and the motion is confined to positive
values ofx, whereas the-axis is along the boundary. The Dirichlet boundary condition
is imposed atr = 0. In order to work with a finite system, we introduce another Dirichlet
boundary condition at = L,, whereL, is taken so large with respect to the magnetic
lengthlz = +/hc/eB that the corresponding eigenstates do not feel the presence of both
boundaries. In this case it is clear that the contributions of the two boundarigs)tavill
be identical (we will check this explicitly later). For the same reason, i.e. working with a
finite system, we impose a periodic boundary condition inythdirection, takingL to be
the length of the boundary.

In the Landau gaug&l = (O, Bx), the Hamiltonian of the particle is

N 1 /. N e 2

The Green function& (E; r, ') andG(E; r, r') are periodic iny — y’ and we can expand
them in Fourier series, for example

GE;r,7) = Z grohG (E; x, x'). (17)

Py
The sum runs ovep, = n,h/L, wheren, € Z. Introducing the dimensionless variables
¥ =~/2x/lg, %o = ~/2p,/moly, N} = moL?/27k andv = —(E /hw) — 1, (14) transforms
into
& E 1. . . 2m e -

(@ - =@ +xo)2> Gy, (E: 2, %) = == (4TNg) Y2s(x — X). (18)
The solution of this equation together with, (E;0,x’) = G, (E; Ly, x") = 0 can be
written as a sum of three terms:

! 2m ~ =~ =~ = ~ =~ ==
Gy (E;x,x) = _EZ\/TW(GOO(V’ ¥o; X, &) + Gup(v, Xo; X, X')
+ G o (v, Fo; £, ¥)). (19)
The Green function for unbounded motich, (v, Xo; %, ') is given by
~ - '(—v) . . L.
Goo(v, X0; X, X)) = — \/E D, (x> — x0)D,(Xo — x<) (20)

wherex. = maxx, %'}, x. = min{x, X'}, D,(u) is the parabolic cylinder function (we
used the Wronskian [14% (D, (u), D,(—u)) = ~/27/T'(-v)). The last two terms in (19)

are respectively the contributions of the boundaries= 0 andx = L, to the Green
function. They are obtained by demanding tidgt (E; x, x’) vanishes on the boundaries.
However, each boundary is considered separately, i.e. making the Green function vanish
on the boundary = 0 we do not impose any condition on the other boundary. Moreover,
G,,(E; x,x") is exponentially small there due to the asymptotic behaviour of the function

D, for large and positive argument (recall that = /2L, /i > 1):
['(—v) D,(xo)

2 7Y D% — R
V2r D(—ig) 2T

Gy (v, Xo; X, X) ~
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I'(=v) Dy(L1 — o)
V21 D,(Go—Ly)
Since we are interested in the linfit— oo, we can now replace the sum overin (17) by

an integral. We deduce théty, (v, %o; %, ) and Gy (v, Xo; %, %) give the same contribution
to (15), which can be expressed using known [14] integrals of the fun@joas

I'(— V)\/N’/ d D, (%)

D?(%g — %). (21)

Gop(v, Xo; X, X) ~

8(s) — gools) = D ( o)

- Dj(~ XO)—( xO))

/ Xo
\/_N:w Xlim (;—v dxo In D, (—%o) — Xmﬁ(—v)). (22)

This is the resolvent for the seml—lnfmite plane. In the infinitely large strip geometry, the
corresponding (s) — goo(s) is twice this result.

Formula (22) might be understood more intuitively as follows. The integrated density
of statesN (E) counts the number of zeros of the wavefunction at the orlgigyw)_%(io),
for all xo and all energieg up toe = E:

de 0
N(E) = —InD X 23
(E) Z‘_ﬁ(E) 27 36 (€/hw)— 1( X0). ( )
The sum and the integral cannot be inverted since there are infinitely many states. However,
we can formally subtract fronV (E) the integrated density of states of the infinite plane
which we write

- T (e ) A, S ()

Py Ny

(a factor% is introduced since we neglected the second boundary contribution in (23)).
Using (5) we obtain

1 9 o1
8(5) = 8ao(8) = 7 ; (8_1) In D, (Xo) — 5¢(—V)> : (25)

Replacing here the sum over by an integral we obtain (22). The heat kernel is found by
performing an inverse Laplace transform on (22) or (25).
It is worth noticing thatg(+/E) and P(¢) have the following forms:

_ E E
hog(VE) = No oo (n_w) + 1/ Np&s (n_w)

P(t) = Ng Poo(wt) +/ N}, Ps(wt) (26)

where N = mwLL, /27h, Nj = mwL?/27h and none of the functions denoted by tilde
depend explicitly onB, L or L,. The boundary term is proportional thTD and is
smaller than the bulk term by a factor of ordef\ANg for L, ~ L. For finite lengths

L of the boundary, there are exponentially small correction terms in (22) and (26) due to
the error introduced by replacing the sum in (17) by an integral. Neglecting these small
corrections, the asymptotic expansion of the heat kernel and of the density of states in terms
of het = 1/Nj,, as a small parameter (assuming large fields or large systems), has two terms
only. This is due to the straight boundary and there will be more terms if the boundary has
a non-zero curvature.
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We also check our result in the opposite lingit— 0. SincePy(r) ~ttast — 0
(see (10)) and, as we shall see in the next sectfy) ~ —37~%2, we have

P(B—Ot)NmLLL L m
T T 2nhe AN 2nhr’

This equation is true up to exponentially small terms for lakgend L, (or equivalently for
smallz); it agrees with the well known observation that, when the curvature of the boundary
is zero everywhere, the coefficienisin the Weyl expansion (8) vanish fer> 2.

The results of this section may be extended to any separable system provided it reduces
to a one-dimensional Sturm-Liouville problem. As an example, we derive in the appendix
the resolvents of a particle moving in a disc with and without a magnetic field.

4. Weyl expansions of the resolvent and the heat kernel

In this section we shall derive asymptotic expressions for the heat kernel and the resolvent
using equation (25). For large positive energies (large negajiead largex, the Darwin
asymptotic expansion (basically WKB expansion of the wavefunction) of the parabolic
cylinder function [15, 16] is

In2z 1

n2z 1 v~ (“D'da
4 2

INT(—v) — 6(Fo, a) — %In(i§+4a)+z - -
s=1 ( .520 +4(l) d

In D, (o) ~ (27)

wheref (g, a) is an odd function ofty, a = E/hw > 0 andi§+4a > 1. The coefficients
ds, are odd functions ofg for odd values of and even functions afy for evens. Since
we integratexg in (25) over a symmetric interval, only even functionsigfdo contribute.
The first three even-indexed coefficients are given respectively by [15]
3 153
ds = Z;zg —2a dip = ?xg — 186075 + 80a”
and

6381
2 %5 — 2986215 + 62292255

31232
dlg = — Tag.

Using (25) and (11) we obtain the asymptotic expansion of the resolvent

g(s:x/ﬁwa)N&<—i+ ! +>
hw

24q2 " 96044
JaN, (1 9 2625 241197
_V - _ — ) 28
tho (ﬁ 256:57 | 26214497 2754192 T ) (28)

Similarly, the Weyl expansion of the heat kernel is derived using (8)

T No 2 7t
plr="Y=22 (1 .
(1=3)=" ( 24+ 5760 )
N (1_ 32 25r' 73098 ) 29)
4./t '

64 16384 316x 20

These expansions could, in principle, be continued indefinitely, by calculating recursively
the coefficientslg.

It is instructive to compare the expression (29) with its counterpa® at 0. The
heat kernel in the absence of magnetic field is simply obtained from (29) by taking the
argument of the analytic function afin each set of parentheses to be zero. Two terms are



Heat kernel of integrable billiards in a magnetic field 4283

obtained, the area and the perimeter. Since these terms are known to be general for the case
of billiards irrespective of their integrability, we suggest that our result will apply to any
billiard in a uniform magnetic field (although it was derived for an integrable system). It is
worth emphasizing that the two terms in (29) are only part of the asymptotic expansion for
a general magnetic billiard. There should be additional terms proportional to the integrals
over the curvature and its derivatives [4,10]. We conjecture that the generalization of the
heat kernel expansion obtained for a two-dimensional billiard without magnetic field to the
case of magnetic billiard consists of multiplying each term of that expansion by an analytic
function of t. These functions should be universal for all flat two-dimensional billiards
with smooth boundaries. Similar conclusions have been obtained for the related case of a
Aharonov—-Bohm billiard [17].

Note that in the case of a particle in the infinite plane in a perpendicular field confined
by a harmonic potential, Pradet al [7] found the coefficient;, in (8) to bea + SB?,
wherea and g are constants depending on the potential which corresponds to the geometric
features of the boundary in our problem.

5. The Balian—Bloch method

The small time asymptotic expansion of the heat kernel can also be obtained using a method

suggested by Balian and Bloch [8]. It consists of a reformulation of the problem of solving

a partial differential equation of elliptic type with Dirichlet (or another) boundary condition

in terms of an integral equation of Fredholm type. This integral equation is then solved

iteratively (Neumann series), and each term in this multiple reflection expansion corresponds

to one term in the asymptotic series of the heat kernel, as shown by Balian and Bloch [8].
The Green function for the Dirichlet problem in a domanwith a boundarydsS in

absence of magnetic field is written as a sum of two terms:

G(E;r,7")=Go(E; 7T, 7))+ Gs(E; 7T, 1) (30)

where each term on the right-hand side satisfies (14) in witich= —(R?/2m)A is a
Laplacian. The first term is the infinite plane Green function while the second is specified
by the boundary conditioG s(E; r, ') = —G(E; v, ') for r ondS. This boundary term
is expressed in terms of an unknown dengity(c, ) as

IGoo(E; T, )

Gs(E;r,r)= | dog ———————pug(a, 1) (31)
as ong

and ug(a, ) is determined by solving the following Fredholm integral equation:
0G(E; a, B)
ong
whereca, 3, ... are arbitrary points on the bounda#$, dog is the boundary differential
element, and/ong is the normal derivative at the poigtwith the normal oriented towards

the interior of the domain. Solving iteratively the integral equation (32) for the density
we(a, 7, the following multiple reflection expansion is obtained for the Green function:

m

EZME(a’ T/) = _GOO(E, &, T/) - / dO‘ﬁ ME(/Bs ’I"/) (32)
aS

R2 G (E: T,
GE; r.1) = Guo(Es o) — = [ oy 292 BT D) a1y
m ERY Bna
2\ 3G o (E: 7, ) 0G o (E: cv,
(= / do, dO'/f} wo(E; T, ) w(E; ﬂ)GOC(E;IB9 7'/) o
m 39S Bna Bnﬁ

(33)
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Using the time-dependent Green functiéri (¢; r, r") introduced in section 4, we calculate
the heat kerneP (1) = [ d>r G*(t; r, r). The multiple expansion of+(¢; v, ') is

h Gt -1,
Gt@t;r, vy =GL@;r,r) - Z/ do, / dr ol Z i CY)G;’O(t; a, 1)
a8 0

ong
O\ ' nAGL(t -,
+<—> daadoﬂ'/ dr1/ dry 202! - T, o)
m EN 0 0 Ny
8G+ - 5 )
X x(m— . f) GL(t8,7) — . (34)

8nﬂ

This approach was applied in this form to the case of a uniform magnetic field
perpendicular to the domai$i [6]. However, care must be taken since at each order of the
multiple reflection expansion we obtain a term which is not gauge invariant. This problem
may be easily corrected by introducing the covariant derivafiy@én, — (ie/hc)A,(c)
instead of the usudl/dn,. This substitution is of no importance when the gauge is chosen
such that the vector potential has no component normal to the boundary (as it happens to
be in our problem), but, generally, it should be taken into account.

Let us, therefore, apply the Balian and Bloch method to the semi-infinite plane in a
uniform magnetic field. The Green function for the infinite plane is given by
GHtirr)= — ¥ exp[—m—i“(r —2coth — 0 v+ x/)i| .

eorT 4k sinkwt /2) 45 2 2k -

We calculate now the first term (proportional&8) in the small magnetic field expansion
of the heat kernel. It turns out that the first three boundary-dependent terms in the multiple
reflection expansion do contribute to this order. The sBadkpansion of the one-reflection
term begins with

L[ow L [ow7 ,,
8V zhr ~ 8V 7hr 192%

for the two-reflection and three-reflection terms, it is respectively:

L [2mn 3 2,2
8V xhr 192°
and
Lf2am 1 ,,
- I—————— t .
8V 7hr 192
Therefore, the small magnetic field expansion of the heat kernel begins as follows:
L |2m L [2m 3
PtZPOO - = e - —_— th—"' 36
O =P =g\ 27 T 8V 7y 64° (36)

in accordance with the result (29) obtained previously. This, however, disagrees with
Robnik’'s calculation [6]. In his work this author assumed that, in the case of a

zero-curvature boundary, the one-reflection term contains all the corrections due to the
boundary (as for the problem without magnetic field). However, as already noted by
John and Suttorp [9], higher-order terms cannot be neglected in calculating physical
guantities in the geometry with straight boundaries in the presence of a magnetic
field. We also emphasize that in order to calculate the term proportional®toin

the asymptotic expansion of the heat kernel, all the multiple reflection terms up to
(2n + Lth order have to be taken into account. This result is intuitively appealing.
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Indeed as the magnetic field increases, the trajectories of the particles bend more
and more, so that higher and higher terms in the multiple reflection expansion do
contribute.

6. Perimeter corrections to the Landau diamagnetism

In this section we apply the previous results in order to compute the magnetic susceptibility
of a gas of independent electrons in a strip of very large width

Let us first consider the case of a non-degenerate gas at tempefatu kg 8. The
heat kernelP(r) when considered a function of an inverse temperatute t/w = hp
coincides with the one-electron (canonical) partition function (which we denofé(By in
the following). If N is the electronic density (per unit area) ang = ¢h/2mc the Bohr
magneton, the magnetic susceptibility of the ideal gas is given by

32
— i 209
X = !@04NMB,B 5.2 InZ. (37)
Using the expansion (29) a?(z) we obtain the weak field susceptibility,
= 1N,8 2(q_ A (q_ A - (38)
X =73 PRe\ "7 16, 2L,
where Ay = /7Bh?/2m is the de Broglie thermal length. As in [6] the correction to
the Landau diamagnetic susceptibilipy, = —%Nﬂué is paramagnetic, but is smaller by

one order of magnitude. Our result agrees with numerical calculations performed by van
Ruitenbeck and van Leeuwen [18].

For a degenerate electron gas of Fermi endfgythe relation between the susceptibility
and the canonical partition function is different [5]. In the grand-canonical ensemtbite,
given by

i 1 9°Q(EF)
X = S 982
with Q(Eg) being the thermodynamic potential. The thermodynamic potential at zero
temperature2q(EF) is related to the partition function (heat kernel) through [5]

(39)

. ico+0+ d_lBeﬂEp >
Qo(Er) = € BTZ(). (40)

ico+04 27T
Using (26) we obtain

mS [t dr - - 2rh -
Qo(Ep) = —— — gl [ (2072p (1) + | —w¥?t%Ps(7) ) . (41)
21 ) jooror 27i mLi s

Replacing in this equation the Weyl expansions (29)Rf(r) and Ps(r) amounts to
neglecting all oscillating contributions due to periodic orbits€}a(Er). However, even
though those oscillating terms in the thermodynamic potential may give at very low
temperature the largest corrections to the Landau diamagnetism, they are exponentially
damped by temperature [19, 20] (more precisely, the contribution of each periodic orbit is
damped by the facta@rrmL | /h?Bke) sinh (2w rmL | /h?Bke), wherer is the number of
repetitions of the orbit andr = /2mEg/h is the Fermi wavevector). For temperatures
hPke/mL, < ksT < Eg, we can neglect these oscillating contributions and we have at

small field
&2 9 1
ri=——(1- = . 42

X=X = dme? ( 16lep> (42)
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Here again the correction is paramagnetic and coincides with perturbative calculations [20].
The expressions (38) and (42) give the magnetic susceptibilities of a semi-infinite plane
regularized to have a finite width , for small fieldsB such thatL, > Iz. The second
term in these equations has to be multiplied by two for the case of a finite (but very large)
strip instead of the semi-infinite plane.
The susceptibilities (38) and (42) give the perimeter corrections to the Landau
diamagnetism for a general billiard of surfaSeand smooth boundary of length, with
L, = S/L (although the method of Stewartson and Waechter works only for integrable
systems, the fact that it coincides with the more general Balian—-Bloch expansion suggests
that our results are general). However, for a generic billiard this correction is not the only
one (although it is the leading one), and presumably other terms due to the curvature of the
boundary will appear.

7. Conclusion

We have derived exact relations for the resolvent and the heat kernel using the special case
of the semi-infinite plane in a uniform magnetic field. These relations are convenient starting
points for an asymptotic expansion, using the WKB approximation for the wavefunctions.
The validity of the method presented extends beyond the special case of this special geometry
and it works for any separable system. Our main result is the closed expression for the
boundary term of the heat kernel whose asymptotic expansion can be calculated recursively
as an infinite series. The first terms of this series were also obtained using the Balian—
Bloch multiple scattering expansion, which in practice appears to be less convenient than
the method of Stewartson and Waechter in the presence of a magnetic field. Then, the
perimeter corrections to the Landau diamagnetism are obtained both in the high-temperature
limit and for a degenerate gas.

Various properties of the heat kernels of Laplacians on manifolds have been extensively
investigated starting (among others) from the work of Kac [11] in order to relate the spectral
and geometrical descriptions [12]. Our results could be viewed as an extension of these
works towards the case of magnetic billiards. For a straight boundary, the effect of the
magnetic field is to add an infinite series to the bare perimeter term and this is, in some sense,
equivalent to an effective curvature of the boundary. We conjecture that the perimeter term
of a general magnetic billiard will be equal to that of a straight boundary. More generally,
the boundary has a curvature and therefore another length scale enters the problem and is
coupled to the cyclotron radius. This leads to additional terms in the asymptotic expansion
of the heat kernel. Whether those terms appear as a scaling function of both the cyclotron
radius and the curvature is an important issue which deserves further study.
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Appendix

Consider a particle confined to a disc of radRisThe energies (imposing Dirichlet boundary
conditions) are the solutions of the equatigk R) = 0, wherel is the angular momentum
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quantum number ank? = 2m E /h? is the momentum. The numb@i(E) of zeros is equal
to the integral of the logarithmic derivative of the Bessel function:

N(E) = 5£ e (@Ai(kR)/de)

i (A.2)
C(E) 27T| J[(kR)

i
Then according to the method that we developed for the semi-infinite plane geometry, we
obtain for the resolvent

m (dI;(kR)/dk)
G (&) Xl: "2k Li(kR) (A.2)
which coincides with the result of Stewartson and Waechter [10] when subtracting the
resolvent corresponding to the infinite plane.
For the corresponding problem in the presence of a magnetic field, the energies are
solutions of 1 F1((I + |I| + 1)/2 — (E/hw); 1 + |l|; No) = 0, whereNy = SB/®y and
1F1(a; c; u) is the confluent hypergeometric function [16]. The counting function is now

N(E) = ‘(ﬁ d_e (diFi((+ 111+ 1)/2 - (e/f_tio); 1+ |l]; No)/de) A3)
— Jew) 2ni 1P+ 111 +1)/2 — (e/hw); 1+ |I]; No)
and the resolvent
GE) =3 (i Fi(( +11] + 1)/2 + (E/ho); 1+ |I]; No)/dE) (A4)

7 1P+ 111+ 1D)/2+ (E/ho); 1+ |I]; No)

We emphasize again that in order to work with well defined quantities we must subtract
from this expression the part of the resolvent corresponding to the infinite plane.
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